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Abstract 

We associate elliptic affine Lie algebras with what are called vertex 
C((2;))-algebras and their modules in a certain category. In the course, we 
I construct two families of Lie algebras closely related to elliptic affine Lie 

^ ■ algebras. 

o ■ 

Q ■ 1 Introduction 

Elliptic affine Lie algebras, similar to affine Lie algebras, are a family of infinite- 
' dimensional Lie algebras associated with finite-dimensional simple Lie algebras. 

O^' Both elliptic affine Lie algebras and affine Lie algebras are special examples of gen- 

r-| . eral Krichever-Novikov algebras (see |KNlj . |KN2] ). Let g be a finite-dimensional 

I simple Lie algebra over C. Associated to g, one has an (untwisted) affine Lie alge- 

bra = Q®C[t, t~^](BC]<., which is the universal central extension of the Lie algebra 
C[t, t^^]. Let R be the quotient algebra of the (commutative and associative) 
algebra C[t, t^^, u] modulo the relation u"^ = — 2(3t^ +t, where /3 is a fixed com- 
plex number. The elliptic affine Lie algebra associated to g, which is alternatively 
ly^ \ denoted by ge in this current paper, is the universal (three-dimensional) central 

Q \ extension of the Lie algebra q® R (see [Br], |BCF] ). Elliptic affine Lie algebras 

are different from ordinary affine Lie algebras in several ways. For example, un- 
like that affine Lie algebras are naturally Z-graded, elliptic affine Lie algebras are 



> 
(N 



(N 



G^ . only "quasi-graded." Nevertheless, a "highest weight module" theory has been 

^ ' developed in [Si], [S2], and a free field realization for ge with g = has been 



obtained in [BCF] . 

^ ' In this paper, we study elliptic affine Lie algebras in the context of vertex 

■ algebras and their modules. As our main result, we associate elhptic affine Lie 

algebras with what were called vertex C((t))-algebras in |Li6j and their modules 
of a certain type. 

It has been long known (see |Bo] . |FLMj : cf. |FZ] . |DLj ) that affine Lie 
algebras g can be canonically associated with vertex algebras. This association 
can be described as follows: For any complex number £, let denote the 1- 
dimensional (g[t] + Ck)-module with g[t] acting trivially and with k acting as 
scalar I. Let Vg(£, 0) denote the g-module induced from (g[t] +Ck)-module C^. Set 
1 = 1 ® 1 e \/g(^, 0). We have that Vg(£, 0) = f/(g)l and g[t]l = 0. Furthermore, 
there exists an operator d on Vg(£, 0) such that cil = and 

[d, a{x)] = -^a(x) for a G g, 
ax 
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where a{x) = Xlnez '^(^)'^~"^^- This g-module Vg(£, 0) is often referred in hter- 
ature as the (universal) level-£ vacuum module. The fact is (see [FZj . cf. |LLj ) 
that there exists a unique vertex algebra structure on Vg{i, 0) with 1 as the vac- 
uum vector and with Y{a{— 1)1, x) = a{x) for a G g. Furthermore, for any 
restricted g-module W of level i, there exists a unique yg(£, 0)-module structure 
Yw : V^{i,0) }iom{W,W{{x))), such that Yw{a{-l)l,x) = a{x) for a G g. On 
the other hand, for any Vg(£, 0)-module {W,Yw), W is a. restricted g-module of 
level i with 

a{x) = Y]v{a{— 1)1, x) for a G g. 

This correspondence provides an isomorphism between the category of restricted 
0-modules of level £ and the category of Vg{£, 0)-modules. 

As for elliptic affine Lie algebras, the situation is different in an essential way. 
First of all, as it is shown in Section 3, elliptic affine Lie algebras do not admit 
nontrivial (suitably defined) vacuum modules. Then we have to find an alter- 
native. Motivated by the conceptual construction of vertex algebras and their 
modules in [Lilj . we consider restricted modules W for elliptic affine Lie alge- 
bras in the sense that all the generating functions of gg he in Hom(VF, W{{x))). 
(Note that elliptic affine Lie algebras do admit nontrivial restricted modules.) 
For any restricted Se-niodule W, the generating functions form a local subset of 
Hom(M/, W{{x))), just as with affine Lie algebra g, and it follows from |Lil] that 
the generating functions generate a vertex algebra Vw with IV as a canonical 
module. However, the vertex algebra Vw is not a 0e-module under the canonical 
action, unlike the case for affine Lie algebra g. To a certain extent, this phe- 
nomenon is similar to what we have experienced in }Li2 ] for twisted affine Lie 
algebras, where the generating functions of a twisted affine Lie algebra Q[a] on a 
restricted module generate a vertex algebra which under the canonical action is 
a module for the untwisted affine Lie algebra g, but not for the twisted affine Lie 
algebra g[cr]. 

We then introduce another Lie algebra ge over the field C{{z)), where ^ is a 
formal variable. To a certain extent. Lie algebra ge is a deformation of gg. The 
good thing about this new Lie algebra is that ge viewed as a Lie algebra over 
C admits vacuum modules. For every complex number i, using induced module 
construction we construct a universal vacuum module Vg^ {£, 0) and we prove that 
there exists a canonical vertex algebra structure on this vacuum module. Though 
Vg^{i,0) is also a C((z))-module, it is not a vertex algebra over the field C{{z)). 
The vertex algebra structure and the C((2;))-module structure on Vg^(£, 0) are 
encoded into a structure of a so-called vertex C((2;))-algebra. 

The notion of vertex C((2;))-algebra is a special case of the notion of weak quan- 
tum vertex C((2;))-algebra, which was introduced in [Li6j . A vertex C{{z)) -algebra 
is simply a vertex algebra V over C, equipped with a C((2;))-module structure such 
that 

Y{f{z)u, x){g{z)v) = f{z + x)g{z)Y{u, x)v 
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for f{z),g{z) G C((z)), u,v &V. (Note that as the map Y is not C((2;))-hnear, a 
vertex C((z))-algebra is not a vertex algebra over the field C{{z)).) For a vertex 
C((2;))-algebra V, we define (see |Li6j ) a tyjoe ^ero V -module to be a module 
(PF, IV) for V viewed as a vertex algebra over C, satisfying 

Yw{f{z)v,x) = f{x)Yw{v,x) for f{z) G C((^)), v e V. 

As for elliptic affine Lie algebras, we prove that a restricted ge-niodule structure 
of level £ on a vector space W over C is equivalent to a type zero Vg^{i, 0)-module 
structure. 

In fact, what we have done in this paper is more general. We start with a (pos- 
sibly infinite-dimensional) Lie algebra g over C, equipped with a non- degenerate 
symmetric invariant bilinear form (■,■). For any polynomial p{x) G C[x], we 
construct a Lie algebra gp with underlying vector space 

9p = (0©0^) ® C[t,t-^] ©Ck, 

where = g as a vector space. When p{x) = x^ — 2[3x^ + x, gp is isomorphic to 
the quotient algebra of the elliptic affine Lie algebra Qe modulo a two-dimensional 
central ideal. We also construct another Lie algebra gp over €-{{z)) with underlying 
vector space 

flp = C{{z)) © (s © s^) © C[t, r^] © C{{z))\^. 

For any complex number £, we construct a (universal) vacuum gp-module V"gp(£, 0) 
of level ^ and we show that there exists a canonical vertex C((z))-algebra structure 
on Vgp(£, 0). Furthermore, we establish a canonical isomorphism between the 
category of type zero V-^^ (£, 0)-modules and the category of restricted gp-modules 
of level ^. 

This paper is organized as follows: In Section 2, we recall from |Li6j the basic 
notions and results, including the definition of a vertex C((2;))-algebra and that of 
a module for a vertex C((z))-algebra, and including the conceptual construction of 
vertex C((2;))-algebras and their modules. We also study vertex C((z))-algebras 
associated to a certain Heisenberg Lie algebra. In Section 3, we associate Lie 
algebras gp and Sp to a Lie algebra g with a non-degenerate symmetric invariant 
bilinear form and a polynomial p(x), and we construct a vertex C((z))-algebra 
Vgp(£, 0) for every complex number ^. We then establish an isomorphism between 
the category of gp-modules of level £ and the category of type zero Vg^ (£, 0)- 
modules. 

2 Vertex c((t))-algebras and their modules 

In this section, we first recall from fLi6] the notion of vertex C((t))-algebra and two 
categories of modules for a vertex C((t))-algebra, and we then study an infinite- 
dimensional Heisenberg-type Lie algebra in the context of vertex C((t))-algebras 
and their modules. 
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In this paper, the scalar field will be the field C of complex numbers, unless it 
is specified otherwise. We shall use the formal variable notations and conventions 
as established in [FLM] (cf. |LLj ). For any formal variable t, let C((t)) denote 
the ring of lower truncated formal Laurent series. In fact, C((t)) is a field. The 
following notion is a special case of the notion of weak quantum vertex C((t))- 
algebra which was introduced and studied in |Li6j : 

Definition 2.1. A vertex C{{t))- algebra is a vertex algebra V over C, equipped 
with a C((t))-module structure such that 

Y{f{t)u, x)g{t)v = fit + x)g{t)Y{u, x)v (2.1) 

for f{t),g{t) e cm, u,veV, where f{t + x) = e-if{t) e C((t))[[x]]. 

Note that in Section 3, due to a notion confiict we shall use z instead of t and 
we then shall be dealing with vertex C((z))-algebras. For vertex C((t))-algebras, 
the following two categories of modules are of our interest. 

Definition 2.2. Let V be a vertex C((t))-algebra. A type one V-module is a 
module (PV, Yiy) for V viewed as a vertex algebra over C, equipped a C((t))- 
module structure such that 

lV(/(t)u, x)g{t)w = fit + x)g{t)Yw{u, x)w (2.2) 

for f(t),g{t) E C((t)), m G V, w E W. A type zero V-module is a module (W, Yw) 
for V viewed as a vertex algebra over C such that 

Yw{f{t)u, x)w = f{x)Yw{u, x)w (2.3) 

for f{t) G C((t)), ueV, weW. 

Let W he a. general vector space over C. Set 

S{W) = }iom{W,W{{x))) C {EndW)[[x,x-^]]. 

For a(x), b{x) G S{W), we say a{x) and b{x) are /oca/ if there exists a nonnegative 
integer k such that 

{x — z)^a{x)b{z) = {x — z)'^b{z)a{x). 

We say a subset U of S{W) is local if a{x), b{x) are local for any a{x), b{x) G U. 
For a{x),b{x) G S{W), n G Z, define a(x)„6(x) G S{W) by 

a{x)nb{x) = ReSj;j ((xi — x)^a{xi)b{x) — {—x + Xi)"6(x)a(xi)) . (2.4) 

It was proved in |Lil] that any local subset U of S{W) generates a vertex algebra 
{U), where the identity operator 1]^ on W is the vacuum vector, and W is a. 
faithful ([/)-module with Y]y{a{x), z) = a{z) for a{x) G {U). 
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Remark 2.3. For a{x),b{x) G S(W), the definition of a(x)„6(x) G S(W) for 
n G Z was modified in |Li5] (cf. [Li3j ). Since we sliall use some results of |Li5j . 
we liere recall the connection between the two definitions. Assume 

f{x,z)a{x)b{z) G iiom{W,W{{x,z))) 

for some nonzero polynomial f{x,z). Then 

{f{xi,x)a{xi)b{x)) Ui=x+xo e }lom{W,W{{x))[[xo]]). 

Let Lx,xo denote the unique field embedding of C{x,xo) into C((a;))((xo)), extend- 
ing the identity endomorphism of C[x, xq], where C(x,xo) denotes the field of 
rational functions. Then a{x)nb{x) G S{W) for n G Z were defined in |Li5j in 
terms of generating function 

Y£{a{x), xo)b{x) = a{x)nb{x)xQ^~^ 

by 

Y£{a{x),xo)b{x) = Lx,xo{'^/f{x + xo,x)){f{xi,x)a{xi)b{x)) Ui=x+xo- (2.5) 

It was shown therein that if a{x),b{x) are local, then this definition coincides 
with the definition (12.41) . However, the two definitions give different objects in 
general. 

The following, which was proved in |Lilj . is very useful in determining the 
structure of vertex algebras generated by local subsets: 

Proposition 2.4. Let V be a vertex algebra, let u,v,w^'^\ . . . ,w^''^ G V, and let 
{W, Yw) be a V -module. If 

[Y{u, xi), Y{v, X,)] = ^ X,) (^^^ ^ x^'6 (^^^ 

holds on V , which is equivalent to 

UiV = w^^^ for < i < k and UiV = for i > k, 

then 

2 / (9 \ * 

[Yw{u,Xi),Yw{v,X2)] = Y^-Yw{w^'\x2) y-g^J ^2^(^ 

holds on W . If W is a faithful V -module, then the converse is also true. 
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Notice that for f{x) E C((x)), a(x) G }iom(W,W{{x))), 

f{x)a{x) G Ilom{W,W{{x))). 

Then B.om{W, W {{x))) is naturally a C((x))-module. We consider £(W) as a 
C((t))-module with 

f{t)a{x) = f{x)a{x) for /(t) G C((t)), a(x) G ^(VT). (2.6) 

A subspace U of £(W) is said to be closed if 

a(x)„6(x) G t/ for a{x),b{x) E U, n El. 

We have (see |Li6j ): 

Proposition 2.5. Let W he a vector space over C. Any closed local C((t))- 
subspace V ofS{W), containing Iw, is a vertex <C{{t))- algebra, and W is a faithful 
type zero V-module with Yw{a{x)^ z) = a{z) for a{x) E V. On the other hand, 
for any local subset U of £(W), C{{t)){U) is a vertex C{{t))- algebra with W as a 
type zero module, where {U) is the vertex algebra (over C) generated by U. 

The following follows immediately from |Lil] : 

Proposition 2.6. Let V be a vertex C{{t)) -algebra, let W be a vector space over 
C, and let Yw '■ V — >• Hom(iy, W{{x))) be a C-linear map. Set 

U = {Yw{v,x) \v eV} C S{W). 

Then {W, Y^) carries the structure of a type zero V-module if and only if U is 
local and Yy/ is a homomorphism of vertex C{{t))- algebras from V to C{{t)){U). 

Next, using the rest of this section we present a toy example of vertex C((t))- 
algebras. 

Definition 2.7. Let f{z) E C[[z,z~^]]. We define an infinite-dimensional Lie 
algebra 7i(/) over C with generators c, /3„ for n G Z, subject to relations 

[c,W)]=0, 

mz),Piw)] = lnw)z-'5 (^) c + fM^z~H (^) c, (2.7) 

where /3(x) = X^nez /^"-^""""^ z~^5{w/z) = Xlnez 

It is straightforward to show that c and /5„ for n E Z form a basis of 'H{f ). We 
say that an 7i(/)-module W is of level I G C if c acts on W as scalar £, and we say 
that an 7-^(/)-module W is restricted if for any w E W, j3nW = for n sufficiently 
large. Let W he a. restricted 7i(/)-module of level ^. From the defining relation 
(12. 7p . we have 

{z-wf[P{z),P{w)] = Q. 

Then {(3{x)} is a local subset oi£{W). In view of Proposition [231 (3{x) generates 
a vertex algebra Vy/. To determine the structure of Vw completely we shall need 
another Lie algebra. 
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Definition 2.8. Let £ e C. We define a Lie algebra K{£) over C with a basis 
{Pn, Cn \ n & Z}, where the Lie bracket relations are given by 

~ ~ i 

[l3m, l3n] = -jim- n)Cm+n-l for 771,71 GZ. (2.8) 

(It is straightforward to see that this indeed defines a Lie algebra.) 
Form generating functions 

nei nez 

Then the nontrivial bracket relations amount to 

[m.h^)] = lc'iw)z-'d (^) + ciw)-^z~H (^) i, (2.9) 

where &{w) denotes the formal derivative of c{w). Set 

K{e)+ = span{;9„, c„ | n > 0} C K{i). 

It is readily seen that K{i)^ is a Lie subalgebra. Viewing C as a trivial K{i)^- 
module, we form the induced ir(£)-module 

Vkh) = U{K{e)) ®u{K(iU) C. (2.10) 
Set 1 = 1 1 e Vx^e) , and set 

c = c_il e Vft-(^). 

It is straightforward to see that K{i) admits a derivation d such that 

d0n) = -n^n-l, d{Cn) = -TlCn-l for 71 G Z. (2-11) 

We see that d preserves the subalgebra K{t)^. Then it follows that d gives rise 
to a linear operator V on VK{e.) such that Vl — and 

[P,/3(a;)] = ^/3(x), [V,c{x)] = ^c{x). (2.12) 

Therefore, by a theorem of Frenkel-Kac-Radul-Wang [FKRW] and Meurman- 
Primc [MP], there exists a vertex algebra structure on VK(e), which is uniquely 
determined by the condition that 1 is the vacuum vector and 

Y{p, x) = p{x), Y{c, x) = c{x). (2.13) 

As a vertex algebra, VK{e) is generated by subset c}, and we have 

[F(c, z), F(c, w)] = 0= [Y{c, z), ¥0, w)], 

[Y0, z), Y0, w)] = ^-Y{Vd, w)z-'d (^) + F(c, w)-^z-'d (^) i. (2.14) 
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Proposition 2.9. Let i e C, f{z) G C{{z)), and let W be any restricted H{f)- 
module of level I. Then there exists a VK(t)-Tnodule structure Yy/ on W , which is 
uniquely determined by 

Ywil3,x) = (3{x), Yw{c,x) = f{x). 

On the other hand, let {W,Yw) be an irreducible VK{£)-Tnodule. Then Yw{c,x) = 
f{x) for some f{x) G C((x)) and W is a restricted H{f)-module of level i with 
P{x) acting as Y\y{P,x). 

Proof. For the first assertion, tlie uniqueness is clear as VK(i) is generated by 
{/?, c}. As for tlie existence, set 

U = {(3{x)J{^)}cS{W). 

From tlie defining relations of 7Y(/), U is local. By Proposition 12.51 we have a 
vertex algebra (U) with W a.s a. faithful module. With the relations <\2.7L by 
Proposition 12.41 we have 

[YsiP{x),z),YeiPix),w)] 

= ^Yeif\x),w)z-'s(^)+Yeifix),w)-^z~'s(^)i. 

We also have 

Yeif'ix),w) = fix + w) = ^fix + w) = ^Ye{f{x)M- 

It follows that {U) is a i^(£)-module with P{z) acting as Ys^P^x), z), c{z) as 
y£if{x),z). By the construction of VK{e), there exists a _ft'(£)-module homomor- 
phism ip from Vk{£) to {U) with = Iw- We have 

= i^iP.il) = = P{x), m = W = fix). 

As {P, c} generates Vk{£), it follows that ■?/' is a homomorphism of vertex algebras. 
Consequently, W becomes a Vx(£)-niodule where 

YwW, z) = lV(/3(x), z) = Yw{c, z) = lV(/(a;), z) = f{z). 

On the other hand, let W be an irreducible V/^(^)-module. We have 

[Yw{c, z), Yw{c, w)] = = [Yw{c, z), Yw{P, w)] 

and 

[Yw0,z),Yw0,w)] 
= ^-Y^iVd, w)z-H (^) + ny(c, (^) £ 
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Then W is a K{i)-modvL\e with and c(x) acting as Y]y{(3,x) and lV(c, x), 
respectively. Since W is an irreducible Vft:(^) -module, it follows that W is an 
irreducible -module. As K{i) is of countable dimension over C, so is W. 
Because c„ for n E Z are central, in view of Schur's Lemma, we have c{x) = 
f{x) G C[[x,x~^]]. As c{x) = Yw{c,x) e }iom{W,W{{x))) from the definition of 
a module, we have f{x) G C((x)). Therefore, W is an 7i[/]-module of level i with 
P{x) acting as Y\y{P,x). □ 

Next, we give a refinement of Proposition [2^ in terms of vertex C((t))-algebras 
and their type zero modules. Equip C((t)) with the vertex algebra structure given 
by the Borcherds construction with derivation J^, where 

Y{p{t),x)q{t) = pit + x)q{t) for p{t), q{t) G C((t)). 

Then the tensor product vertex algebra C((t)) VK{t) over C is naturally a vertex 
C((t))-algebra with C((t)) acting on the first factor. 

Definition 2.10. Let f{t) G C(()f:)). Define V[f] to be the quotient vertex algebra 
of C((t)) eg) VK(t.) over C modulo the relation 

f{t)®l = l®c. (2.15) 

From the construction of the vertex algebra C((t)), for p{t) G C((t)), p{t)-i 
(a component of the vertex operator Y{p{t), x)) is the left multiplication by p{t). 
It follows that V[f] is also a quotient C((t))-module. Then V[f] is naturally a 
vertex C((t))-algebra. 

Theorem 2.11. Let £ E C, f{z) G C((z)). For any /et;e/-£ restricted 'H{f)- 
module W, there exists a type zero V[f]-module structure Yw (on W) which is 
uniquely determined by 

Yw{P,x)=P{x), Yw{d,x) = f{x). 

On the other hand, for any type zero V[f]-module {W,Yw), W becomes a level-i 
restricted l-L{f)-module with j3{x) acting as lV(/5,x). 

Proof. Let W he & level-£ restricted 7i(/)-module. By Proposition 12. 9[ there 
exists a V/<'(^) -module structure Yw on W with the desired properties. Extend 
Yw to a C-linear map 

Yw : C((t)) ® VKi,) ^ Hom(l^, W{{x))) 

by 

Yw{p{t) ®v,x)= p{x)Ywiv, x) 
for p{t) G C((t)), V G VK(e). Note that C{{x)) (= C{{x))lw) C and that 

y^(p(x), -2)g(a;) = p(a; + z)q{x) for p(a;), g(x) G C((a;)). 
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Thus C((x)) is a vertex algebra with W as a module. That is, is a C((t))- 
module with Y]y{p(t),x) = p{x) for p(t) G C((t)). It follows that (W, Y]y) carries 
the structure of a module for the tensor product vertex algebra C((t)) ® Vk{i) 
(over C). Furthermore, it is readily seen that (PF,1V) is a type zero module. 
Since 

Ywifit) ® 1, x) = fix) = lV(c, x) = Yw{l ® 5, x), 

it follows that Y\y reduces to a module structure for V[f] viewed as a vertex 
algebra over C. This makes W a type zero ^[/]-module. 

On the other hand, let {W, Y\y) be a type zero l^[/]-module. As VK(i) is 
a vertex subalgebra of C((t)) ® Vx(q and V[f] is a quotient vertex algebra of 
C((t)) ® VK{e), W is naturally a -module. Furthermore, we have 

Yw{5,x) = Yw{f{t),x) = fix) 

and from [DLM] (cf. [LL]) we have 

YwiVc,x) = ^lV(c,x) = f'{x). 
Using all these facts and Proposition 12.41 we obtain 

[Yw0, z),Yw0,w)] 
= ^-Ywm w)z~H (^) + Yw{c, w)^z-'S (^) e 

This implies that Vl^ is a level-£ 7i(/)-module with P{x) acting as Yw{P,x). □ 

3 Vertex c((^))-algebras associated with elliptic 
affine Lie algebras 

In this section, we shall associate elliptic affine Lie algebras and their restricted 
modules with vertex C((z))-algebras and their type zero modules. More generally, 
for each polynomial p{x) G C[x], we construct a Lie algebra Qp over C, which 
generalizes elliptic affine Lie algebra ge in a certain way, and we also construct 
a Lie algebra Qp over C((z)). Then we construct a vertex C((2;))-algebra Vgp{i,0) 
associated with Qp and a complex number i, and we establish an isomorphism 
between the category of restricted gp-modules of level i and the category of type 
zero 0)-modules. 

We begin by recalling elliptic affine Lie algebras, following |BCFj . Let (3 he a. 
complex number which is fixed throughout this section. Denote by y4^[t='=^,M] the 
quotient algebra of C[t,t~^,u] modulo relation 

= t^ - 2pt^ + t. 
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Let Q he a (possibly infinite-dimensional) Lie algebra over C, equipped with a 
non-degenerate symmetric invariant bilinear form (■,■). Roughly speaking, the 
elliptic affine Lie algebra associated to g, denoted by Qe, is the universal central 
extension of the Lie algebra g ® A/3[t=''^, m]. Following |BCFj . let be a vector 
space isomorphic to g, with a fixed linear isomorphism a G g i— > G g^. Then 

0e = (g © 0^) ® <C[t, r^] © Ck © Ck+ © Ck_ (3.1) 

as a vector space over C, where k, kj. are central and the nontrivial bracket 
relations are written in terms of generating functions for a G g: 

a(x) = ^(a © r)x-''-\ a\x) = ^(a^ © r)x-"-\ 

ngZ nez 

The nontrivial bracket relations are 

[a{z), b{w)] = [a, b]{w)z-'6 (^) + {a, h)^z~H (^) k, 

[a{z)y{w)] = [a,b]\w)z-H (^) + {a,b)A{w)^z~H (^) , 
[a\z),b\w)] 

= {{w'^- 2Pw^ + w) [a, b] (w) + ^ {a, b) (3^' - A(3w + l)^ z'H {^^ 

+ (a, b) (w=^ - 2(3w^ + w)^z-H ( -\ k, 

ow \ z J 

where 

A{w) = w{P{w~\ p) + P{w, /3))k+ + w{Q{w-\ p) + Q{w, p) - 2)k_, 

in which P{x, /?) and Q{x, /?) are certain nonnegative power series in x, depending 
on p. 

Note that we have slightly modified the original relation (by replacing the 
invariant bilinear form (■,■) on g to —(■,■)), so that the elliptic affine Lie algebra 
Qe contains the standard affine Lie algebra g as a subalgebra. 

We shall be interested in ge-modules on which central elements k and k-t act 
as complex scalars i and £±. 

Definition 3.1. If is a ge-module on which k, k+ and k_ act as complex 
scalars i, i±, respectively, we say that W is of level (£,£+,£_). 

Just as with the ordinary affine Lie algebra g, for any ge-module W and for a G 
g, n E Z, we write a(n), a^(n) for the operators on W, corresponding to a<^t^, a^© 
t", respectively, and we view a{x) and a^{x) as elements of (Endiy)[[x, x"^]]. 

Definition 3.2. A ge-module W is called a restricted module if for every a G g 
and w G W, a{n)w = a^{n)w = for n sufficiently large, namely, if 

a{x), a^(x) G Hom(W, W{{x))) for a G g. 
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We have (cf. [BUF] . Lemma 4.3): 

Lemma 3.3. Let W be a restricted Qe-fnodule on which k± act as scalars £±. 
Then 

A{z) = z{P{z~\(3) + P{z, m+ + 4Qiz-\P) + Q{z, (3) - 2)£_ G C((z)). 
Proof. Let a, 6 G g with (a, b) ^ 0. From the defining relations we get 

Res2(-2 — u^)[a.(-2), ^"'"(u')] = (a,6)yl(w). 
Since a{w),b^(w) G Hom(iy, W^((u'))), we have 

Res,(2-w)[a(z),6iH] G Hom(iy, 
Thus ^(w) G C((«;)). □ 
From the defining relations we have 

{z-wf{a{z),b{vj)\ = {z-w)^[a\z),b\w)] = {z - wf[a{z),b\w)] = 

for a, 6 G 0. Let be a restricted Se-module. Set 

Uw = {a{x),a^{x) | a G a} C S(W). 

Then Uw is a local subset. Thus Uw generates a vertex algebra Vw inside £(W) 
with W faithful module. 

Note that if is a level-£ restricted module for the affine Lie algebra g, the 
vertex algebra generated by the generating functions a{x) for a G g is a vacuum 
0-module of level i with a{z) acting as Y£[a{x), z). For elliptic affine Lie algebra 
0e, this is no longer the case. In fact, the following proposition asserts that there 
does not exist a nontrivial vacuum gg-module. 

Proposition 3.4. Suppose that W is a restricted Qe-i^odule of level 

equipped with a vector wo E W and a linear operator D on W such that W = 

U{Qe)Wo, 

Dwq = 0, a{x)wo, a^{x)wo G 

[D, a{x)] = —a{x), [D, a^{x)] = —a^{x) for a E g. 

Then i = and A{z) G C. Furthermore, if [g, g] = q, then W is a 1-dimensional 
trivial Qe-i^odule. 

Proof. With W assumed to be a restricted fle-module, a{x),a^{x) for a G g form 
a local subset Uw of £{W). Then we have a vertex algebra Vw generated by Uw- 
By Proposition 5.4.1 of [LLj . we have 

\D,-ip{x)] = -^■ip{x) for ip{x) G Vw- 
ax 
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Let a,b e g with (a, b) ^ 0. We have 

a{x)ib^{x) = ReSz{z — x)[a{z), b^{x)] = {a, b)A{x), 

which imphes A{x) e Vw- Then we have -^A{x) — [D,A{x)] — 0, proving 
A{x) e C. Similarly, we have 

a^{x)ib^{x) = Resa;^(a;i - x)[a^{xi), b^{x)] = i{a, b){x^ - 2(3x^ + x). 

Then 

£(a, b) (3a;2 -A(3x+l)= i{a, b) [D, {x^ - 2(3x^ + x)] = 0, 

which implies i = 0. 

Furthermore, with £ = we have 

a^{x)ob^{x) = Res^Ja^(xi),6^(x)] = {x^ - 2Px'^ + x)[a,b]{x). 

Using the same reasoning we get (3a;^ — ifdx + l)[a,b]{x) = 0. As [a, 6](a;) e 
liom{W,W{{x))), it follows that [a,b]{x) = 0. With [0,0] = and (•, •) non- 
degenerate, we have u{x) = on W for every u E g. We also have u^{x) = on 
W. Since wq generates W, W must be a 1-dimensional trivial 0e-module. This 
completes the proof. □ 

Lemma 3.5. Let W be a restricted Qe-i^odule of level {i, £+, £_) with i 0. Then 
the vertex algebra Vw generated by Uw is a C[x]-submodule of S{W). 

Proof. Let a, 6 e with (a, b) ^ 0. We have 

a^{x)xb^{x) = Res^,{xi - x)[a^{xi),b^{x)] = e{a,b){x^ - 2(3x'^ + x). 
It follows that x^ — 2l3x^ + x e Vw- Furthermore, we have 



ix^ - 2(3x^ + x)_3lw = -{^] (x- 2(3x^ + x)^3x- 2(3, 

2 \dx J 

which implies x G Vw- Noticing that x^iu = xu for u e Vw, we obtain C[a;]VV C 
Vw, proving that Vw is a C[a;]-submodule of S{W). □ 

To better describe the vertex algebras generated by the generating functions 
of elliptic affinc Lie algebras on restricted modules, we shall make use of certain 
closely related Lie algebras. 

Proposition 3.6. Let g be a (possibly infinite-dimensional) Lie algebra over C, 
equipped with a non-degenerate symmetric invariant bilinear form {■,■), and let 
p(^) e (with ^ a new formal variable). Set 

K = c((O)(0 e 0^ e ck) c[t, r^]. 



13 



a vector space over C. Define 



[/(Ok ® r , ir] = = [ir, /(Ok ® r], 

[/(Oa ® r , giOb ® t"] = /(0^?(0 [a, 6] ® r+" + (a, 6)/'(05(Ok ® 

+m(a,6)/(0^?(0k®r+"-\ 
[/(Oa ® r , ^?(0&' ® n = [a, 6]^ ® 

[/(Oa^ ® r , giOb ® r] = /(0^?(0 W, b? ® 
[/(0«' ® ® n = fiOgiOpiO h b] ® 

+(a,6)/'(0^?(0p(0k®r+- 

+i(a,6)/(0^7(Op'(Ok®r+" 
+m(a,6)/(0^(0p(0k®r+"-i 

fora,b G s, /(0)5'(0 ^ '^((0); "^^^ ^ ^- -^^^ be the subspace of K , spanned 
over C by 

/'(Ok®r + n/(Ok®r-^ 

/o?^ /(O ^ *^((0)' ^ ^- ^'^en Jo is a two-sided ideal of the algebra K, and 
K/Jq is a Lie algebra, which we denote by K{q,p). Furthermore, the C-linear 
operator D on K, defined by 

D(u ® r) = -n(u (8) r-^) 

for u G C((O)(0 + 0^ + Ck), n G Z, reduces to a derivation D of the Lie algebra 

Proof. It is immediate that Jq is a two-sided ideal of K. We now prove that skew 
symmetry holds for the quotient algebra K/ Jq. We shall just consider the two 
cases which are not immediate. Let a, 6 G g, /(0)5'(0 ^ fTi,n ez. With 

[a, b] — —[b, a] and (a, b) — {b, a), we have 

[/(Oa ® r , ^?(0& ® r] + [(?(0& ® t", /(0« ® n 

= (a, &)/'(0^?(0k ® + m{a, 6)/(0^?(0k ® t"'^''-' 
+ (a, 6)/(05'(Ok ® f + n(a, 6)/(0^(0k ® 

= (^(/(0^(0)k®r+" + (m + n)/(0^(Ok®r+--' 

e Jo, 
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= («, &)/'(0ff(0p(0k ® + (a, b)f{Og'{OPm ® 

+i(a, 6)/(0^?(ey(0k + ^(a, 6)/(0^?(ey(0k ® 
+m(a, 6)/(0^(0p(0k ® r^""' + n(a, 6)/(0^(0p(0k ® t^^""' 
= (°'^) (^(/(0^(0p(0)k®r+- + (m + n)/(0^(0p(0k®r+"-i 
e Jo- 
Next, we establish Jacobi identity. Let ^ (i,b,c e 
5, l,m,n & Z. We have 

= c]] ® + (a, [6, c])/'(0^(0^(e)k® 

+l{a, [6,c])/(0^(0^(0k(8i^+"^+"-\ 



= /(o^?(o/^(o [b, [a, c]] ® + {b, [a, c])mg'mm ® 

+m(6, [a, c])/(0^(0^(Ok ® 

[[/(o«®^^^(o^'®n,MOc®n 
= fiOgmmw, b],c](B) + ([a, b], c){f{09ioyhm ® 

+(Z + m){[a, b],c)fi09i0m^ ® 

Then the Jacobi identity for the triple (/(Oa ® ^(0^ ® ^""^ ^(0^ ® f^) follows 
from the Jacobi identity of q and the invariance of (•,•). 
We also have 

These imply the Jacobi identity for the indicated triple. 
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We have 



= fiOgmiOpio h [b, c]] ® + (a, [b, c])f\09miOpm ® ^'^'^^^ 

+/(a, [6, c])f{09m{0Pi0^ ® ^^+-+n-i^ 

= fiOgmiOpm, [«, c]] ® t'+'"+" + (6, [a, c])f{09'm{0pm ® 

+^(^', h cDfiOgmiOp'm ® 

+m(6, [a, c])f(Ogmm ® 

+([a, b], c)(/'(0^(0 + /(O^'(O)^(Op(Ok i'-^-^^'^ 

+^([a, 6], c)/(0^?(0/^(0p'(0k ® 

+ (/ + m)([a, 6], c)/(0^(0/i(0p(0k ® t^+^+^'K 

Using the Jacobi identity of g and the invariance of (•, •) we obtain the Jacobi 
identity for the indicated triple. 
We have 

= [my ® t\ giOKOpm, c] ® r+^j 

= /(05(0^(0p(0k[^c]]^®^'+-+^ 



Then the Jacobi identity for the indicated triple follows. Furthermore, the other 
cases follow from these and skew symmetry. 
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As for the last assertion, we first show that ^ is a derivation of algebra K, 
by checking the two nontrivial cases. We have 

-m[/(Oa ® r-\ g{Ob® - n[f{^)a ® r , ^(0^ ® t^''] 
= -mfiOgiO [a, b] ® - m{a, &>/'(0^(0k ® 

-m(m - l)(a, 6)/(05(Ok ® 

-ri/(0^(Ok&] -^(«,&)/'(0^(Ok®r+"-^ 

-mn(a,6)/(0^(0k®r+"-' 
= -(m + n)f{0g{0h b] - (a, 6)(m + n)/'(05(0k ® 

= b] ® - m(a, 6)/'(0^(0p(0k ® 

-^(a,6)m/(0^(ey(0k®r+"-^ -m(m- l)(a,6)/(0y(0p(0k®r+'^-' 

-i(a, 6)n/(0^?(0p'(0k ® - mn{a, 6)/(0^?(0p(0k ® 

= -(m + ^'l ® - (m + n)(a, 6)/(0^(0p(0k ® 

-^(a, 6)(m + n)/(e)^(Op'(e)k ® 
_^(^ + ^ _ b)fi09{0pi0^ ® t^^""-'- 
It is readily seen that D preserves the ideal Jo, so that D reduces to a derivation 

Note that though K{q,p) is naturally a vector space over the field C((^)), 
K{g,p) is not a Lie algebra over C((^)), as the Lie bracket is not C(((^))-bilinear. 
We see from the construction that as a vector space over C, 

K{g,p) = (C((O)(fl©0') ® C[t,ri]) © (R/dR), (3.2) 

where R = C((0)k ® C[t, t"^] and = ^ (g) 1 + 1 (g) ^. For w e C((^))(fl + + 
Ck), n e Z, denote by ^(n) the image oi u^f^ in Since 

d(k (g) r) = n(k (g) r^^) for n e Z, 

we have 

k(n) = forn 7^ -1. (3.3) 
For w e C((^))(0 + + Ck), form the generating function 

Yt{u,x) = 5^M(n)a;-^-i G K{g,p)[[x,x'% (3.4) 
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The Lie bracket relations become 

[F,(/k,a;i),ir(fl,p)] = 0, 
[Yt{fa,Xi),Yt{gb,X2)] = Yt{fg[a,b],X2)x2'^6 



X2 



+{a,h)Yt{fg\i,X2)x2'5 f^) + {a,h)Yt{fg\i,X2)^X2'8 

\X2/ 0X2 \X2 

^t{ia,x^),Yt{gh\x2)\ = Yt{fg[a,b]\ X2)x2'S (^^^ , 
[Y,ifa\x,),Y,igb,X2)] = Y,{fg[a,b]\ X2)x^'5 ( ^] , 



^X2 

[Y,{fa\x,),Y,{gb\x2)]^Y,{fgp[a,b],X2)x2'S 

\X2 

+ l{a, b)Yt{(2fgp + fgp')k, X2)x2'5 

^ \X2 

+{a,b)Yt{fgpk,X2)-^^X2'5 (^^^ . (3.5) 

From now on, we assume that p{x) (e C[x]) is a polynomial. Set 

= (C[^](0 e 0^) (8) C[t, r^]) © (R/dR) C K, (3.6) 

where R and 0? are given as before. It is readily seen that K^{q,p) is a Lie 
subalgebra which is stable under the derivation D. 

We now construct a family of Lie algebras, generalizing the eUiptic affine Lie 
algebra Qe (with k± = 0) . 

Proposition 3.7. Let g be a (possibly infinite- dimensional) Lie algebra over C, 
equipped with a non- degenerate symmetric invariant bilinear form {■,■), and let 
p{x) eC[x]. Set 

flp = (0©0^) <»C[t,t-^] ©Ck, (3.7) 
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a vector space over C. Define a bilinear operation on Qp by 
[k,0p] = = [0p,k], 

[a{xi),b{x2)] = [a,b]{x2)x2^6 (^^^ + (a,6)k^x^^5 (^^^ , 
[a(xi),6^(x2)] = [a,bf{x2)x2^5 , 
[a^{xi),b{x2)] = [a,bY{x2)x^^6 (^^^ , 
[a^{xi),b^{x2)] = p{x2)[a,b]{x2)x2^6 ( — ) 

\X2j 

+^{a, b)p\x2)kx^'S (^^^ + (a, b)p{x2)k-^^x^'6 (^^^ . (3.8) 

Then Qp is a Lie algebra over C. 

Proof. Recall the Lie algebra 

K\s,p) = (C[^](fl © fli) (g) C[t, t~']) © (R/dR) C K. 

Let J be the C-span of the coefficients of 

{f{Oa){x) - f{x)a{x), {f{Oa'){x) - f{x)a\x), ((?(Ok)(x) - g{x)k 

for a G 0, f{C,) G C[,^], g{C,) G C((,^)). By using fl3.5p . it is straightforward to show 
that J is a left ideal of K^{g,p). We see that the underlying vector space of the 
quotient Lie algebra K'^{q,p)/J is isomorphic to gp. Then it follows immediately 
that the defined nonassociative algebra is a Lie algebra. □ 

Remark 3.8. Note that the Lie algebra gp with p{x) = x^—2f3x'^+x is isomorphic 
to the quotient algebra fle/(Ck+ + Ck_) of the elliptic affine Lie algebra. 

We next construct another family of Lie algebras. 

Proposition 3.9. Let g be a (possibly infinite-dimensional) Lie algebra over C, 
equipped with a non- degenerate symmetric invariant bilinear form {■,■), and let 
p{x) ec[x]. Set 

Qp = C{{z)) © (fl © 0^) © C[t, r 1] © C((z))k, (3.9) 
a vector space over C{{z)). For a G g, set 

a{x) = ^(a © r)x-"-\ a\x) = ^(a^ © r)a;-"-^ 
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Define a €{{z)) -bilinear operation on Qp by 
[k,0p] = = [flp,k], 

[a{xi),h{x2)] = [a,b]{x2)x^^6 (^^^ + {a,b)k-^X2^6 (^^^ 
[a{xi), b^{x2)] = [a, bY{x2)x2^6 ( — 

\X2 

[a^{xi),b{x2)] = [a,bY{x2)x2^6 ( — 

\X2 

[a^(xi), b^{x2)] = p{z + X2)[a, b]{x2)x2^6 I — 

\X2 

+ 1 {a, b)p' {z + X2)kx2' S (—] +{a,b)p{z + X2)k^X2^6(—]. (3.10) 

2 V^2/ 0X2 V^2/ 

Then is a Lie algebra overC{{z)). Furthermore, the map D, defined by 

D{f{z)k) = f'{z)k, DUXz)u^t") = f'{z)u^e -nf{z)u^t''^^ (3.11) 

for f{z) G C((z)), M G + g^, n E Z, is a C-linear derivation of Qp viewed as a 
Lie algebra over C. 

Proof. Just as in the proof of Proposition 13 . 71 we shall make use of the Lie algebra 
K^{q,p). We extend K^{g^p) to a Lie algebra C{{z)) -^°(fl;P) over the filed 
C((z)). Let Ji be the subspace of C((z)) -ft'°(fl,p), spanned over C((z)) by the 
coefficients of 

(/(0«)(a;) - /(^ + xHx), ((?(Ok)(x) - (?(z + x)k 

for a G + g\ /(O e C[^], ^((0 G C;((0)- By using (1^31) . it is straightforward 
to show that Ji is a left ideal of C((z)) (S)c K°(g,p). One sees that the underlying 
vector space of the quotient Lie algebra {c{{z)) K^{9,p))/ Ji is isomorphic to 
Qp. Then the first assertion follows immediately. 

As for the furthermore assertion, recall that D is a derivation of iir°(0,p). 
Then ^®l + l®Disa C-linear derivation of C{{z)) ®c K^{q, p) viewed as a Lie 
algebra over C. We have 

= -n{l ® f{i)u ® r~i) + J](n + 3)\f'\z) ®u®e 
i>o ^' 

-nil® fi^u ® t""^ - J2 ^/^'\^) ® « ® 
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for M e + s\ /(O e C[^], n e Z, or for u G Ck, /(^) G C((0), n G Z. It 
follows that Ji is stable under ^ ® 1 + 1 Then ^ 1 + 1 (g) gives rise to 
a derivation of gp viewed as a Lie algebra over C. □ 

Definition 3.10. We define Qe to be the Lie algebra Qp with p{x) = — 2f3x^ +x. 

Lie algebra vector space is naturally Z-graded 

Bp = II (C((2))(fl + fl') ® + 5„,oC((2;))k) , 

but this does not make gp a Z-graded Lie algebra. Nevertheless, we can make Qp a 
Z-filtered Lie algebra. The following is straightforward from the defining relations 
of 0p and from the assumption that p{x) is a polynomial: 

Lemma 3.11. Let n E Z. Set 

- r^i = f C(W)(0 + fl') ® t"C[t] /or n > 1, ^ 

^''^''^ \c((z))(0 + 0i)®rc[t]©C((2))k /orr2<0. ^' ^ 

r/ien {gp[ri]}„gz is a decreasing filtration ofgp, satisfying that 

nnezflpM = 0, (3.13) 
[flp[m], 0p[n]] C 0p[m + n] for m,nei. (3-14) 

Definition 3.12. We say that a gp-module W is of level £ G C if k acts on W 
as scalar £. We define a vacuum gp-module to be a gp-module equipped with 
a vector G and a C-linear operator D on 14^ such that W = U{gp)wo, 
Dwo = 0, 

u{n)wQ = for M G + fl^, n > 0, 

and such that 

[D,u{x)] = ^u{x), [D,f{z)] = nz) 
for M G g + flS f{z) G C((2;)). 

Lemma 3.13. Let W be a Qp-module with a vector wq satisfying that 

W = U{qp)wo and u{n)wo = for u E g + Q^, n > 0. 

Then W is restricted. In particular, any vacuum gp-module is a restricted module. 

Proof. We need to prove that for any w E W, gp[n]w = for n sufficiently large. 
For k > 0, let W[k] be the span of the subspaces 

for < r < A; with ni, . . . ,nr G Z. Then W = Uk>oW[k]. From definition we have 
W[0] = C{{z))wo, so we have £ip[n]l^[0] = for n > 1. It follows from Lemma 
13. Ill and induction on k that for any k > and for any w E W[k], gp[n]w = for 
n sufficiently large. As W = Uk>oW[k], it follows that W is restricted. □ 
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Proposition 3.14. Let i be a complex number and let W be a restricted Qp-module 
of level i. Set Vw = C{{x)){Uw) , where 

Uw = {a{x),a^{x) \ a e g} C S{W). 

Then Vw with vector Iw G Vw and operator D = V (the V-operator ofVw) is a 
vacuum Qp-module of level i with u{xq) acting as Ys{u{x),xo) for u E q + and 
with f{z) G C{{z)) acting as f{x). 

Proof. Note that is a faithful module for Vw viewed as a vertex algebra over 
C with Yw{4'{x),Xo) = ip{xo) for ip{x) G Vw- Let a,b E g. We have 

[Yw{a{x),xi), Yw{b{x),X2)] 
= Yw{[a,b]{x),X2)x^'S (^) +i{a,b)^x^'6 

\X2 / 0X2 \X2 

[Yw{a{x),Xi),Yw{b'^{x),X2)] = Yw{[a,b]^{x),X2)x2'^6 ( — 

\X2 

[Yw{a^{x),xi),Yw{b^{x),X2)] (= [a^(xi), 6^(x2)]) 
= p{x2)[a,b]{x2)x2^6 (—] + i{a,b)p{x2)-^X2'^S ( — 

\X2 / 0X2 \X2 

+U{a,b)p'{x2)x2H 

2 \X2 

= Yw{p{x)[a,b]{x), X2)x2'^6 (—] + i{a,b)Yw{p{x)lw,X2)^X2'^6 ( — 

\X2 J 0X2 \X2 

+ ]^E{a,b)Yw{p\x)lw,X2)x2^5 {^jf^ ■ 

In view of Proposition 12. 4^ we have 
[Y£{a{x),Xi),Ys{b{x),X2)] 

= Ys{[a,b]{x),X2)x2^6 ( — ) +£{a,b)- — X2^6 ( — 

\X2 J 0X2 \X2 

[Ys{a{x),x^),Ye(b\x),X2)]=Ye(\a,b]\x),X2)x2^5 



X2 



\Ye{a\x),xi),Ye{b\x),X2)] 

Y£{p{x)[a,b]{x),X2)x2^5 ( — ) + £(a, X2)— ^5 ( — 

\X2 / 0X2 \X2 

+U{a,b)Ye{p\x)lw,X2)x2H 

2 \X2j 

— + £(a, b)pix + ^2)7^ — Xn^^ — 

X2J 0X2 \X2j 

+ ^£{a,b)p'{x + X2)x2^ 6 f — ] • 

2 \X2j 
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Thus Vw is a restricted 0p-module of level £ with u{xo) acting as Y£{u{x),xo) for 
u e Q + Q^ and with f{z) G ^{{z)) acting as f{x). From the definition of Vw, Vw is 
generated over C{{x)) from Iw by operators a{x)n, a^{x)n, f{x) for -u G g, n G Z. 
It follows that VV = U{qp)1w- For the vertex algebra Vw with the D-operator 
T>, we have 

[P,yf(V'(x),xo)] = ■^Y£{ijj{x),xo) for V'(x) G TV. 
In particular, we have 

[T>,Y£{u{x),Xo)] = -^Y£{u{x),Xo) for u e q + g}. 

CLXq 

With T> — we also have 

[P,/(a:)]=/'(x) for /(x) G C((x)). 
Therefore, 1^ is a vacuum ^p-module of level £. □ 
Set 

B = C((^)) (fl e fl^) C[t] © C((^))k C Qp. (3.15) 

It is readily seen that S is a subalgebra which is a direct sum of the subalgebras 

C{{z)) ® (fl © 5^) © C[t] and C{{z))k. 

Let £ E C. We make C{{z)) a 5-module by letting k act as scalar i and letting 
^{{z)) © (0©0^) ©C[t] act trivially. Denote this 5-module by <C{{z))i. Then form 
the induced module 

n.(^,O)^[/(0p)©j,(^)C((^)),, (3.16) 

a 0p-module. Set 

l = l©lGl/g,(^,0). 

In view of the P-B-W theorem, we can and we shall identify C{{z)) © (g © g^) as 
a subspace of Vgj,{£, 0) through the C((2;))-hnear map 

f{z)u^fiz)ui-l)l. 

We also have C{{z))l C Vg^{£, 0). It is clear that Vg^{£, 0) is a vacuum g^-module 
which is universal in the obvious sense. 

Theorem 3.15. Let £ be any complex number. There exists a vertex C{{z))- 
algebra structure on the Qp-module Vgp{£,0), which is uniquely determined by the 
conditions that 1 is the vacuum vector and that 

Y{u,x) — u{x) foru&g + g^. (3-17) 
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Proof. It is clear that Vg^{i,0) as a C((2;))-vector space is generated from 1 by 
operators u{n) for u E q + , n E Z. It follows that Vg^{i, 0) as a C- vector space 
is generated from 1 by operators u{n) for u E q + , n G Z and by the left 
multiplication of f{z) for f{z) G C{{z)). Then the structure of a vertex algebra 
over C such that 

Y{u, x) = uix), Y{fiz)l, x) = f{z + x) for M G + q\ f{z) G C((^)) 

is unique. Consequently, the vertex C((2;))-algebra structure with the required 
properties is unique. 

For the existence, we first show that there is a vertex algebra structure over 
C. Clearly, the C-linear derivation D of preserves B. Then D gives rise to a 
C-linear operator V on Vg^{i, 0), satisfying the condition that VI = 0, 

[V, u(x)] = biuix)) = -^u(x) for M G + 

ax 

[P, fiz)] = DU\z)) = f\z) for f{z) G C((^)). 
From the construction, we have V^gp(^, 0) = f/(gp)l and 

M(a;)l G K (£,0)[[a;]] and lim M(a;)l = = m for m G g + 

Furthermore, by lemma EUSl 0) is a restricted g^-module, and then it 

follows from the commutation relations of Qp that 

{f{z + x)a{x), f{z + x)a\x), f{z + x)\ae g, f{z) G C{{z))} 

is a local subset of S(ygp{i, 0)). Also, for m G g + g^ fi^)^ we have 

f{z + x)u{x)l eVg^{i,0)[[x]] and limf{z + x)u{x)l = f{z)u, 
f(z + x)lEV^,^ii,0)[[x]] and lim /(z + x)l = 

x^O 

and 

[D, f{z + x)u{x)] = ^ {f{z + x)u{x)) , 

[VJiz + x)] = f'iz + x) = ^fiz + x). 

Now, it follows from a theorem of Frenkel-Kac-Radul-Wang |FKRWj and Meurman- 
Primc |MP] that Vgp(£, 0) has a vertex algebra structure over C with 1 as the 
vacuum vector and with 

Y{f{z)u, x) = f{z + x)u{x), Y{f{z)l, x) = f{z + x) 

forMGfl + fli, f{z) eC{{z)). 
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Next, we show that Vg^{i,0) is a vertex C((2;))-algebra. Note that Vj^{i,0) 
as a vertex algebra over C is generated by C{{z)){q + g^) + C{{z))l. For f{z) G 
C{{z)), u E Q + Q^, we have 

Y{f{z)u, x) = f{z + x)Y{u, x), Yif{z)l, x) = f{z + x). 

Then it follows from |Li6] that V^p(£, 0) is a vertex C((2;))-algebra. □ 

The following is a connection between restricted gp-modules of level i and type 
zero Vjp(^, 0)-modules: 

Theorem 3.16. Let i be a complex number. For any restricted Qp-module W of 
level i, there exists a unique structure Yw of a type zero ¥^^{£,0) -module such 
that 

Ywia, x) = a(x), Y]y{a^, x) = a^{x) for a E g. 

On the other hand, let {W,Y\y) be a type zero Vg^{£,0)-module. Then W is a 
restricted Qp-module of level i with 

a{x) = Y\Y{a,x), a^{x) =Y]v{a^,x) for a E g 

and with k acting as scalar i. 

Proof. For the first assertion, the uniqueness is clear, since g + fl^ generates 
Vgp{i,0) as a vertex C((2;))-algebra. Set 

U = {a{x), a^{x) \ a E q}. 

From the defining relations of gp, one sees that U is a local subset of S{W). In 
view of Proposition I2.5[ U generates a vertex C((2;))-algebra Vw = C{{x)){U) 
with as a faithful type zero module, where f{z) E C((z)) acts as f{x) on Vw- 
By Proposition 13.141 Vw is a vacuum gp-module of level i with 

a{xo) = Y£{a{x),xo), a^(xo) = Y£{a^{x),xo) 

for a E Q and with f{z) E C((z)) acting as f{x). From the construction of 
Vg^{i,0), there exists a Sp-module homomorphism ip from Vg^(i,0) to Vw with 
= Iw- Thus 

il){u{n)v) = u{x)nip{v) for M G fl + 0\ n E Z, v E Vg^{i, 0), 
iP{f{z)v) = f{x)4j{v) for f{z) E C{{z)). 

It follows that is a. homomorphism of vertex C((2;))-algebras. By Proposition 
\2.6\ W is a type zero Vg (i, 0)-module. 
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On the other hand, let be a type zero 0)-module. Prom defi- 

nition, (W, Yw) is a module for V^^{i, 0) viewed as a vertex algebra over C. For 
a, 6 e £1, we have 

[Y{a\x^),Y{b\x2)] 
= Y{p{z)[a,b],X2)x^'6 (^1^ + ^{a,b)iYip'iz)l,X2)x^'6 (^^^ 

+ {a,b)iY{p{z)l,X2)^X2'S (^]. 

0X2 \X2 J 

Thus 

\Yw{o}-,xi),Yw{b^,X2)] 
= Yw{p{z)[a,bix2)x2'5 f ^"j + \{a,b)lYw{p'{z)l,X2)x2'5 (- 

\X2j 2 \X2 

+{a,b)eYw{p{z)l,X2)^^x^'5 (^^ 

— + 7,{(^^^)^P'i^2)x2^S — 
X2I 2 \X2 



The other relations are readily seen to hold. Therefore, is a restricted g^- 
module of level i. □ 
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